This paper discusses an implementation of Hybrid Boundary Node Method (Hybrid BNM) to the heat conduction analysis within bodies containing thin-walled structures. As an application, the thermal analysis in carbon nanotubes (CNT) based composites is presented. CNTs are predicted to possess superior heat conductivity and may, even with a small amount embedded, substantially improve heat conducting behavior of polymers. In this paper the equivalent heat conductivities of CNT-based nanocomposites are evaluated using a 3-D nanoscale representative volume element (RVE) model and the hybrid boundary node method (Hybrid BNM). The temperature distribution and heat flux concentration are studied. The equivalent heat conductivity of the RVE as a function of the nanotube length is calculated and discussed, and, moreover, an approximate formula for its evaluation for an RVE containing single nanotube is proposed. Computations indicate that addition of about 7.2% to 17% (volume fraction) of CNT to the polymer matrix may result in the increase of heat conductivity of the composite varying from 49% to 334% both for short and long CNT.
Introduction
Over the last decade carbon nanotubes (CNT) have been attracting considerable attention from both scientists and engineers. Due to their near-perfect nanostructure, which can be thought of as a hexagonal sheet of carbon atoms rolled into a seamless cylinder with two semisphere caps at each end, the carbon nanotubes are predicted to possess exceptional physical properties such as superior heat and electrical conductivities, as well as high stiffness, strength and resilience.
Intensive research has been carried out on these quasione-dimensional structures concerning their production, physical properties and possible applications (1) , (2) . A few recent experiments have been reported on mats of compressed ropes of CNTs (3) , (4) . By assuming that both thermal and electrical conductivities follow the same rules for transport, values of thermal conductivity of CNTs, ranging from 1 750 to 5 850 W/m · K, have been extrapolated from experimental measurement on mats of nanotube ropes. The direct measurements of individual nanotube were also performed using MEMS measurement technology (5) . Following those experiments, several preliminary molecular dynamics simulations (6) - (8) of the thermal conductivity gave even higher values, namely, 6 600 W/m·K at 300 K (6) . Although the estimated values of thermal conductivity were different from each other, it is generally accepted that the CNTs possess excellent heat conductivity, comparable or even higher than diamond, considered so far as the best heat conductor. Unlike the electrical conductivity, no significant dependence on the nanotube chirality is seen, while its strong dependence on radius (7) . Moreover, the heat conductivity of a CNT is less sensitive to the defects and voids than that of diamond (8) . These remarkable properties may make CNTs ideal for a wide range of technological applications. One of the most intriguing applications is the use of CNTs, as a small volume fraction filler, in nanotube-reinforced polymers. CNT-based composites offer significant improvements to structural properties over their base polymers. It has been demonstrated that with only 1% (weight fraction) of CNTs added to a matrix material, the stiffness of a resulting composite can increase as high as 36 -42% and the tensile strength up to 25% (9) . Most of numerical simulations so far have been focused on characterizing the effective mechanical properties of the nanocomposites, such as Young's modulus (10) , (11) , while relatively fewer studied the thermal conductivities. The thermal properties of the CNT-based composites are as important as their mechanical properties in engineering applications.
The main aim of this study is to gain insight into the thermal properties of CNT-based composites through numerical simulation based on continuum approach. The equivalent heat conductivity of carbon nanotube-based composites is evaluated using a representative volume element (RVE) based on 3-D potential theory and solved by means of the hybrid boundary node method combined with a multi-domain solver. The temperature distribution and flux concentration in an RVE containing single nanotube are investigated.
Computational Techniques and Models
Numerical simulations can play an important role in the development of the CNT-based composites and help to understand the physical phenomena and, furthermore, analysis and design of such nanocomposites. At the nanoscale level, tests are both extremely difficult and expensive to perform. Modeling and simulations, on the other hand, can be readily achieved and are cost effective. Characterizing the physical properties of CNT-based composites is just one of the many important and urgent tasks that simulations can accomplish.
Simulations of individual CNTs using atomistic or molecular dynamics (MD) models have provided abundant results helping in understanding their thermal, mechanical and electrical behaviors. However, these simulations are so far limited to very small length and time scales and cannot deal with the larger models, mainly due to the limitations in current computing power. Continuum mechanics has also been successfully applied for individual CNTs or CNT bundles to investigate their mechanical properties. Although the validity of the continuum approach to modeling of CNTs is still not fully confirmed and will continue to be questioned, it seems at present to be the only feasible approach for carrying some preliminary simulations of CNT-based composites.
One of the methods of developing manageable 3-D continuum models for the study of CNT-based composites is to extend the concept of representative volume element used for conventional fiber-reinforced composites at the microscale (12) . In the RVE approach, a single/multiple nanotube(s) with surrounding matrix material are modeled, with properly applied boundary and interface conditions to account for the effects of the surrounding materials. Liu et al. (10) applied the FEM to analyze the mechanical responses of these RVEs with single nanotube included under different loading conditions, and estimated the material constants of the nanocomposites. Fisher et al. (11) analyzed the effects of the nanotube waviness on the modulus of the nanocomposites using a RVE with a curved nanotube.
CNTs are different in size and form when they are dispersed in a matrix to make a nanocomposites. They can be single-or multi-walled with lengths varying from a few nanometers to micrometers, and might be straight, twisted and curled or in the form of ropes. Their distribution and orientation in the matrix can be uniform, unidirectional or random. All of these factors make the numerical simulations of CNT-based composites extremely difficult.
The most critical part of any numerical analysis is the discretization of domain of interest. If the domain contains thin-walled structures of complex geometry (e.g. twisted, curved, randomly distributed), the task of its proper/high quality meshing is always challenging. An implementation of Finite Element Method (FEM) to the modeling of such types of structures results in extremely large number of elements, due to obvious restriction of element connectivity and requirements of appropriate values of their aspect ratios. The Boundary Element Method (BEM) based models partially alleviate the problem, as the discretization of boundary surfaces (instead of volumes) is required, only. However, still in many cases the high quality boundary elements may be difficult and cumbersome to obtain. To overcome meshing problems, we developed the Hybrid Boundary Node Method (Hybrid BNM) (13) - (17) . By combining a modified functional with the moving least squares (MLS) approximation, the Hybrid BNM is a truly meshless, boundary-only method. The Hybrid BNM requires only the discrete nodes located on the surface of the domain (for details, refer to Ref. (17)) and, hence, considerably simplifies the discretization task. Moreover, it uses the parametric representation of domain surfaces, only. Such representation is used in any CAD software and can be accessed in commercial packages via Open Architecture features (usually the in-process COM servers/objects can be exploited). This may considerably simplify the data pre-processing and discretization tasks and lead to substantial resources savings.
In the next section, the Hybrid BNM is incorporated into a multi-domain solver to compute the RVE with single nanotube inserted. To our best knowledge, it is the first attempt to evaluate thermal properties of nanocomposites using the RVE approach.
Hybrid BNM for Multi-Domain Models
For the sake of simplicity, only, two domains, i.e. the nanotube and the polymer are considered here. It is assumed that both the CNT and matrix in the RVE are continua of linear, isotropic and homogenous materials with given heat conductivities. A steady state heat conduction problem governed by Laplace's equation with proper boundary conditions is considered for each domain.
The hybrid boundary node method is based on a modified variational principle, in which there are three independent variables, namely: -temperature within the domain, φ; -boundary temperature,φ; -boundary normal heat flux,q.
Suppose that N nodes are randomly distributed on the bounding surface of a single domain. The domain temperature is approximated using fundamental solutions as follows:
and hence at a boundary point, the normal heat flux is given by:
where φ s I is the fundamental solution with the source at a node s I , κ is the heat conductivity and x I are unknown parameters. For 3-D steady state heat conduction problems, the fundamental solution can be written as
where Q is a field point; r(Q, s I ) is the distance between the point Q and the node s I . The boundary temperature and normal heat flux are interpolated by moving least square (MLS) approximation:φ
andq
In the foregoing equations, Φ I (s) is the shape function of MLS approximation;φ I andq I are nodal values of temperature and normal flux, respectively. For the polymer domain, the following set of equations, expressed in matrix form, is given:
where superscripts/subscript p, 0 and 1 stand for polymer, quantities exclusively associated with a domain, and quan- 
where Γ J s is a regularly shaped local region around a given node s J , v J is a weight function and s is a boundary point.
Similarly, for the nanotube domain we have:
and V n 00
where the superscript n stands for the nanotube.
As the continuity and equilibrium conditions at the interface between the nanotube and the polymer must be satisfied, i.e.:
and
Eqs. (6), (7), (11) and (12) (15) is solved for unknown parameters x, and then, by back-substitution into Eqs. (6), (7), (11) and (12) , the boundary unknowns are obtained either on the interface or the external boundary.
As demonstrated, the Hybrid BNM is a boundaryonly meshless approach. No boundary elements are used for neither interpolation nor integration purposes. Therefore, it can circumvent the discretisation difficulty to a large extent.
Numerical Results
In this section we present two application examples of the heat conduction analysis of CNT-based composites. The first example deals with a unit model of RVE containing single CNT, while the second demonstrates simulation involving curved CNT and study the effect of its waviness on thermal properties of composites.
4. 1 Heat conduction in a square RVE containing single straight CNT A unit model of a representative volume element with single nanotube is presented in Fig. 1 (a) with dimensions given in Fig. 1 (b) . Figure 1 (c) shows the computational model discretised with boundary nodes. Homogeneous boundary conditions are considered here, namely, uniform temperatures of 300 K and of 200 K imposed at the two end faces of the RVE, respectively, and heat flux free at all other faces of the RVE and the inner face of the CNT cavity. This boundary condition set allows us to estimate equivalent heat conductivity of CNT-based compos- ite in the axial direction. Assuming homogeneous material properties and using Fourier's law, the formula for equivalent heat conductivity can be written as:
where κ represents the heat conductivity; q is the heat flux density, L the length of the RVE in the axial direction and ∆φ the temperature difference between the two end faces. In the following section, several RVE models for single-walled carbon nanotube of various lengths in a matrix material are studied using the Hybrid BNM, in order to evaluate the equivalent material constant of the CNTbased nanocomposites. The temperature distribution and heat fluxes are computed, and then the equivalent material constants are calculated for the RVEs with CNTs of different lengths.
1. 1 Temperature distribution and fluxes in a square RVE
First, an RVE for a CNT of a specific length is studied. The dimensions of the RVE are: for the matrix, length L = 100 nm, H = 20 nm; for the CNT, length L c = 70 nm, outer radius R = 5 nm, thickness D = 0.4 nm (which is close to the theoretical value of 0.34 nm for Single-walled CNT (SWCNT) thickness). The heat conductivities used for the CNT and matrix (polycarbonate) are:
CNT:
These values are within the wide range of dimensions and material constants for CNTs reported in literature (1) - (11) . It should be noted here that: (i) the thickness of the CNT is very small; and (ii) the difference of heat conductivity between the CNT and the matrix is extremely large. In this simulation, 2 208 nodes are used for the CNT and 2 192 nodes for the matrix as illustrated in Fig. 1 (c) . All calculation results were compared with that obtained using the traditional BEM analysis, and found to be in a good agreement.
The temperature distribution and heat flux in the axial direction (along the dotted lines in Fig. 1 (d) ) are presented in Fig. 2 (a) and Fig. 2 (b) , respectively. In Fig. 2 (a) it can be seen that the temperature at the CNT cap (fullerence) is uniform and equals to 250 K, from which the temperature decreases to the prescribed value, 200 K, at the end square face of the RVE. Around the CNT cap the heat flux concentration occurs (Fig. 2 (b) ). It is noted that the direction of the heat flux density q y shown in Fig. 2 (b) is in the yaxis direction which is different from the outer normal of the CNT cap. When z = 0, q y equals to the normal flux at the tip point of the cap; while at the edge point of the cap where z = −5, q y is nearly zero, although the normal flux at this point is much higher due to the heat flux concentration. Figure 3 presents the temperature and heat flux distribution in the axial direction along the lines through the matrix. An obvious feature of the temperature distribution is observed in Fig. 3 (a) that the temperature in the matrix first decreases from prescribed temperature value at the square end face, then remains almost constant at the segments near the CNT, and finally continues to decrease to the lowest temperature at the other square end face. This observation is consistent with the physical interpretation. Due to that the heat conductivity of the CNT is higher several orders of magnitude over that of the matrix, almost entire flux flows through the CNT. Therefore, nearly no flux flows in the matrix in the segments near the CNT, and the temperature at these locations is almost uniform. The corresponding heat flux concentrations are also observed near the tips of the CNT. The heat fluxes in the matrix along the lines near the CNT are almost zero (see Fig. 3 (b) ). The volume fraction of the CNT for this model is 15%, which is calculated using the following equation:
where v n is volume fraction of the nanotube; V n , V c and V p are volumes of the nanotube, the cavity inside the nano- tube and the polymer, respectively. The equivalent heat conductivity of this RVE is 0.678 7 W/m·K, which is 3.57 times that of the matrix.
1. 2 Equivalent constants of composites with various CNT lengths
To study the influence of CNT length on the equivalent material constant, several models with various CNT lengths have been considered. In the computations, the dimensions and parameters are that of section 4.1.1, except for the length L c , which varies from 30 nm to 80 nm. The equivalent heat conductivity of the RVE as a function of L c is shown in Fig. 4 . Results indicate that equivalent heat conductivity is determined mainly by the length of the CNT and the value of the matrix heat conductivity, and relatively less affected by the value of the heat conductivity of the CNT. This may be explained by the fact that the heat conductivity of the CNT is so high, that it can be considered as a super heat conducting material (even if its value is reduced by factor of 10), and the temperature within the CNT can be taken as uniform. Based on this observation, we propose an approximate formula for estimation of equivalent constant in the axial direction as follows: 
In this formula, the CNT serves as a super heat conductor which reduces the distance of the heat conducting path. The equivalent heat conductivities estimated by means of Eq. (18) for various lengths of the CNT are also presented in Fig. 4 . It can be seen that the equivalent heat conductivities for CNTs calculated by using Eq. (18) 4. 2 Heat conduction in RVE containing curved CNT In order to study the effect of CNT waviness and its influence on thermal properties of nano-composites, the unit RVE model with the curved CNT embedded is used. The geometry and boundary conditions are presented in Fig. 5 (a) -(c) while Fig. 5 (d) shows the computational model discretised with boundary nodes. Nanotube waviness is considered by prescribing a sinusoidal NT shape as:
where L c stands for the wave length of the sinusoid function, and y is the fiber axial direction. Again, homogeneous boundary conditions are applied, namely uniform temperatures of 300 K and of 200 K imposed at the two end faces of the RVE, respectively, and heat flux free at all other faces of the RVE and the inner face of the CNT cavity.
2. 1 Temperature and fluxes distributions in an RVE with a curved CNT
An RVE for a curved CNT of a specific length and waviness is first studied. The dimensions of the RVE are: for the matrix, length L = 100 nm, B = 20 nm and H = 60 nm; for the CNT, length L c = 70 nm, A = 20 nm outer radius R = 5 nm, thickness Temperature distribution and heat flux in the axial direction are presented in Fig. 6 . Again, it is seen (Fig. 6 (a) ) that temperatures at the locations close to CNT (the start points for each dotted line except the one that passes all through the matrix) are almost uniform. The corresponding heat flux concentrations are also observed near the tip of the CNT (z = 20) in Fig. 6 (b) . The heat fluxes in the matrix at the locations near the middle part of the CNT 
2. 2 Equivalent constants of composites with various CNT waviness
The influence of CNT waviness on the equivalent material constant, employing several models with various CNT waviness ratios, is also investigated. Dimensions and parameters of section 4.2.1 are kept, except for the waviness ratio (w = A/L c ) and the ratio of the phase constant (C r = κ CNT /κ matrix ). The waviness ratio is changed by varying the amplitude A of the sinusoid curve while keeping the half waviness L c constant. Computations were performed for the following phase constant ratios: C r = 30 000, C r = 300 and C r = 30. For each value of C r the conductivity of the matrix is held constant at 0.19 W/m·K. The equivalent heat conductivity of the RVE as a function of w is presented in Fig. 7 . Results demonstrate that equivalent heat conductivity is only slightly dependent on the CNT waviness for both high and low ratios of the phase conductivity. These results are in a sharp contrast to that of the elasticity problem (11) , where the equivalent Young's modulus quickly decreases with increasing nanotube curvature. 
Conclusions and Discussion
The paper presents an implementation of Hybrid BNM to the heat conduction analysis in bodies containing thin-walled structures. The Hybrid BNM is a meshless, boundary-only method requiring discrete nodes located on bounding surfaces of the domain of interest, only. Moreover, it uses the parametric representation of those surfaces, and as such representation is employed in any CAD software, commercial packages may be exploited. That greatly simplifies the pre-processing and discretization tasks and makes approach extremely useful, and more cost-and resources-effective than based on conventional FEM/BEM models.
Mathematical models presented in the paper rely on continuum mechanic principles and do not account for quantum effects. However, the continuum-based models seem to be so far the only feasible one for performing preliminary simulations of nano-composites behavior and properties at practical/engineering level. Hence, models and solution procedures outlined in this study may be used for any inclusion problem.
The multi-domain Hybrid BNM formulation presented here may be easily extended and enhanced for problems involving randomly distributed CNTs of various lengths, shapes and orientations, employing the Fast Multipole expansion approach (18) , (19) . This is a subject of ongoing research and will be reported shortly.
At current stage, numerical results demonstrate that temperatures within the CNT and at the interface are almost uniform, and heat flux concentration occurs at the two tips of the CNT. With the addition of CNTs of about 7.2% and 17% (by volume fraction) to the composite, the heat conductivity in the CNT axial direction can increase as many as 49% and 334%. The presented results show that the equivalent heat conductivity is determined mainly by the length of the CNT, and less affected by the value of the CNT heat conductivity. An approximate formula for estimating the equivalent material constant has been given, which is found to be of reasonable accuracy in estimating the equivalent heat conductivity in the CNT axial direction. The effects of the CNT waviness on the equivalent conductivity were also investigated. In contrast to the elastostatic case (11) , the presented results show that the equivalent heat conductivity is less affected by the waviness of the CNT.
